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HEARTS OF COTORSION PAIRS ARE FUNCTOR CATEGORIES OVER 

COHEARTS 


YU LIU 


Abstract. We study hearts of cotorsion pairs in triangulated and exact categories.We give a sufficient 
and necessary condition when the hearts have enough projectives. We also show in such condition they 
are equivalent to functor categories over cohearts of the cotorsion pairs. 


1. Introduction 

The notion of cotorsion pair in triangulated and exact categories is a general framework to study 
important structures in representation theory. Recently the notion of hearts of cotorsion pairs was 
introduced in [N] and [Q, and they are proved to be abelian categories, which were known for the heart 
of t-structure |BBD] and the quotient category by cluster tilting subcategory |KZ1 IDL] . We refer to |L2) 
and |ANj for more results on hearts of cotorsion pairs. 

In this paper, we give an equivalence between hearts and the functor categories over cohearts. For the 
details of functor category, see m Definition 2.9]. Throughout this paper, let A: be a field. 

For any cotorsion pair {U, V) on a triangulated category T, we introduce the notion of cohearts of a 
cotorsion pair, denote by 

C=U[-l\f\^U 

where = {T G T \ Hom 7 -(r, W) = 0}. This is a generalization of coheart of a co-t-structure. We have 
the following theorem in triangulated category. 

Theorem 1.1. Let (U,V) he a cotorsion pair on a Krull-Schmidt, Horn-finite and k-linear triangulated 
category T and H be the associated cohomological functor. The heart of {U, V) has enough projectives 
H{C) if and only if {C,IC) is a torsion pair where K — add(W * V) is the kernel of H. Moreover, when 
the heart has enough projectives H{C), it is equivalent to the functor category modC. 

This generalizes [BRl Theorem 3.4] which is for t-structure. One standard example of this theorem is 
the following: let A be a Noetherian ring with finite global dimension, then the standard t-structure of 
D*'(modA) has a heart mod A with co-heart projA, and we have an equivalence mod A ~ mod(proj A) 
in this case. 

For any cotorsion pair {U,V) on an exact category £, we denote 

c = ur\^m 

the coheart of {U, V) where = {B G £ \ ¥jy±\{B,U) = 0}. Let DC = {X G £ \ X admits 
P —>■ C —>■ 0 where P GV and C G C}, we have the following theorem in exact category. 

Theorem 1.2. Let iU, V) be a cotorsion pair on a Krull-Schmidt, Horn-finite and k-linear exact category 
£ with enough projectives and injectives and H be the associated half exact functor. The heart of {U, V) 
has enough projectives H(£IC) if and only if (C, 1C) is a cotorsion pair on £ where 1C = add(CI V) is the 
kernel of H. Moreover, when the heart of {U,V) has enough projectives H{CtC), it is equivalent to the 
functor category mod(C/P), where V is the subcategory of projetive objects in £. 

We also show that the condition (C,/C) is a torsion pair on triangulated category is satisfied in many 
cases, for example, when U is covariantly finite. And for exact category case, see Examples 14.31 


Key words and phrases, cotorsion pair, heart, enough projectives, functor category. 
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2. Hearts on triangulated categories 
Let T be a triangulated category. 

Definition 2.1. Let U and V be full additive subcategories of T which are closed under direct summands. 
We call (Z//, V) a cotorsion pair if it satisfies the following conditions: 

(a) Ext^(Z^, V) = 0. 

(b) For any object T gT, there exists a triangle 

T[-l] -^Vt^Ut^T 

satisfying Ut GU and G V. 

For a cotorsion pairs {U, V), let W :=U f^V. We denote the quotient of T by W as T := T/W. For 
any morphism / G Hom'j-(X, V), we denote its image in Hom 72 (X, V) by /. For any subcategory T> D }V 
of T, we denote by V the full subcategory of T consisting of the same objects as V. Let 

r+ :={tgt I Utg w}, t- --{tgtiv^ g w}. 

Let H := n T~ we call the additive subcategory H the heart of cotorsion pair (W, V). Under these 
settings, Abe, Nakaoka |AN| introduced the homological functor H : T ^ H associated with {U,V). Let 
/C = add(W * V), as an ananlog of |L2[ Proposition 4.7], we have H{T) = 0 if and only if T G /C. 

In this section, let {U, V) be a cotorsion pair on T- 

For the coheart C := U[—l] fl since C C for any object C G C,hy definition of H we get the 
following commutative diagram the following commutative diagram 



( 1 ) 

where Uq, Ght, Vc GV and Wc G W. Moreover, H{i) is an isomorphism in H by |AN[ Proposition 
3.8, Theorem 5.7]. 

Definition 2.2. We denote by H{C) the subcategory of H such that every object X G H{C) admits a 
reflection triangle (see |AN1 Definition 3.5] for details) C7[— 1] C ^ X ^ U where C G C and U GU. 

Remark 2.3. By [ANl Remark 3.6], H(x) is an isomorphism. 

Let’s start with an important property for H. 

Proposition 2.4. The functor H\c : C —>■ H(C) is an equivalence. 

Proof. By [ANl Remark 3.6] we get that H is dense on C. We only have to check that H\c is fully- 
faithful. 

Let Cl, (72 G C, since Ci, i = 1,2 admits a triangle Ci —> H{Ci) Ui ^ Ci[l\ where Ui G U, let 
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/ G Hom 7 -(C'i, (72), by (N) Proposition 4.3], we get a commutative diagram 

Cl -- HiCi) -- Ui -- Cl[1] 

C2 -^ HiC2) -^ U2 -^ C2[l]. 

where = H{f). If H{f) = 0, / factors through U by |L21 Proposition 2.5]. Since Hom 7 -(C, W) = 0, we 
get / = 0 which means H is faithful on C. 

Let g G Hom7-(i7((7i), i7((72)), since Hom 7 -(C, W) = 0, we can still get the following commutative diagram 

Cl -- H{Ci) -- Ui -- Ci[l] 

/' s 

C2 -^ H{C2) -^ U2 -^ C2[l] 

Then we have g — Thus H is full on C. □ 

The following proposition is important for the subcategory H[C) of %. 

Proposition 2.5. H{C) is a subcategory of projectives in %. Moreover, it is closed under direct sum¬ 
mands. 

Proof. We first prove that H{C) is projective in H. 

Let f : A ^ B he an epimorphism in fl, since A G £~, we get the following commutative diagram in T 




1 ] 




A -^ ^ 

f 

B - 


( 2 ) 


Since / is epimorphic, by |N21 Corollary 4.5], we get D Gld. 

Denote B(BW"^ by B', from the second square ([1]) we get a triangle A ^ B' 
Since Hom7-((7, D) = 0, g'hx = 0, we have the following commutative diagram 


D A[l] where /' = /. 



/' 9' 

Apply H to this diagram, since H(x) is an isomorphism in fl, we have the following commutative diagram 

A 

h 

A - ^B -^0. 

/ 
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This implies that H{C) is projective in %■ 

Now we proof that H{C) is closed under summands. Let Xi © X 2 € H{C), we get the following commu¬ 
tative diagram of triangles 


U[-l] 


U[-l] 


T 


ih) 


c- 


(z: 


■ X-i © X 2 


'( “1 “2 ) 


■ u 


It is easy to check that ui is a left U-approximation of Xi, hence we can get the following triangle 

[/'[—I] — — ^T' -^ ^1 —^17' where m' is a minimal left {/-approximation of Tfi. Since Hom 7 -(C', {/') 

0, we get the following commutative diagram of triangles 


U'[-l] — 

U[-M- 

U'[-l] — 



Since u' is minimal, we get that 5231 is an isomorphism, which implies that /2/1 is also an isomorphism. 
Hence T' is a direct summand of C, which means that T' is also an object in C. Now apply H to the above 
diagram, since H{b) = 0, we get H{f2fi)H{a) = 0, which implies that H{a) = 0. Since {/'[—1] and T' lie in 

B~, by |L21 Proposition 2.5] a fators though U. Hence by definition {/'[—I] —— ^ T'- ^ Xi — U' 

is a reflection triangle and then Xi S H{C). □ 


Proposition 2.6. C = 

Proof. By definition C = U[—l] fl = -‘‘V fl ^U, we get Hom 7 -(C,/C) = 0 since /C = add(/{ * V), this 
implies C C On the other hand, C -*-V fl = C. Hence C = □ 


Lemma 2.7. The following conditions are equivalent to each other. 

(a) ncc*x. 

(b) (C, /C) is a torsion pair on T. 

(c) 1C is covariantly finite. 

(d) Every object in TL has a left 1C-approximation. 

Proof. It is obvious that (b) implies (a), (a) and (d) (resp. (b) and (c)) are equivalent by Proposition 
and Wakamatsu’s Lemma. So it is enough to show (a) implies (b). We show it in two steps. 

1. Let T € T~, then it admits a reflection triangle {/[—I] T \ U where T+ e TL. Since 

TL C * 1C, admits a triangle C A T+ C\\]. Hom 7 -(C', {/) = 0 by definition, so there exists a 
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morphism d : C ^ T such that bd = c. We can get the following commutative diagram. 



Since H(c) is an epimorphism and H{b) is an isomorphism, H{d) is also an epimorphism. Thus H{D) = 0 
since 7J(C'[1]) = 0. This implies that T~ C * )C. 

2. Let T be any object in T, it admits a coreflection triangle V —>■ T~ —>■ i? —>■ V[l], since T~ ^ C * 1C, 
T~ admits a tirangle C T~ —>■ K —>■ hence we get the following commutative diagram by the 
octahedral axiom 


V-- V 

C —^ T- -^ K 

f 

c—^T - 


c 


1 ] 


c 


1 ] 


V 


1 ] 


V 


I]- 


Since -ff(x) is an isomorphism and / is an epimorphism, we get H{fx) is an epimorphism. H(C[1])=0 
since (^[l] G U, hence H(D) = 0, which means that D G 1C. Then T G C*IC. Hence T = C* 1C and (C,/C) 
is a torsion pair by Proposition l2.6l □ 


Now we prove the following theorems. 

Theorem 2.8. 2i has enough projectives H{C) if and only if (C,/C) is a torsion pair. 


Proof. We show the if part first. 

If (C,/C) is a torsion pair, any object A G PL admits a triangle Ca A ^ Ka —>■ Ca^ where Ca G C 
and Ka G K, apply H to this triangle, we get an exact sequence H{Ca) —>■ A —>• 0 in which means K 
has enough projectives H{C). 

Now we show the only if part. 

Let T G PL, A PL has enough projectives HiC), there exists a morphism f : X ^ B where X G H{C) and 
admitting a triangle C ^ X ^ U —>■ (^[l] where C G C and U Ghi. We have the following commutative 
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diagram by the octahedral axiom. 


c — 


C > B - 


r r 


X 


■u 


Since H{x) is an isomorphism and / is an epimorphism, we get H(fx) is an epimorphism. H(C[1])=0 
since C[l] € U, hence H{D) = 0, which means D € K-. Then we get T-L C * K.. Now by Proposition 12.71 
we have (C,/C) is a torsion pair. □ 


We also have the following corollary as an observation. 

Corollary 2.9. If2L has enough projectives H{C), then every projective object of Tj lies in H{C). 

Proof. By Theorem 12.81 if fL has enough projectives H{C), then T = C * 1C. Let P € Hhe a projective 
obejct, it admits a triangle Cp —)• P —>■ Kp —>• C'p[l], apply H to this triangle, we get an exact sequence 
H{Cp) —!> P —>■ 0 in P- Hence P is a direct summand of H{Cp). By Proposition [531 P lies in H{C). □ 

Theorem 2.10. If (C,/C) is a torsion pair, then H — modC. 

Proof. It is enough to show that P — modP(C) since C csi H{C). 

Define 


F-.n^ modP(C) 

A Homr(-,H)|p(c). 

Now we show that F is dense. 

Let N S mod iL(C), we have an exact sequence 

Homp(c)(—, Pi) -^ Homp(c)(—, Po) —>■ iV ^ 0 

/ 

where Pi,Po € H{C). Since % is abelian, we have a exact sequence Pi —> Pq ^ T 0 Now apply 
Homp (iL(C), —) to this exact sequence, we have 

Homt/m ( —• f) 

Homp(c)(“)-Pi) -^ Homp(c)(—, Po) —^ Homp(—, P(T))|p(c) —>-0. 

Hence N ~ Homr(-, P(r))|p(c). 

We prove that F is faithful. 

Let / : H —>• P be a morphism in % such that P(/) = 0. Since T = C * 1C, A admits a triangle 

Ca ^ a ^ K ^ C'a[ 1], and Ca admits a triangle Ca ^ H{C) U ^ C[l]- Since there exists a 
morphism j : H{C) A such that i = jg, we have fj = 0, hence fi = fjg factors through W, then 
fH{i) = 0. Since H{i) is epimorphic, we get / = 0. 

We prove that F is full. 

Let a : Homp(—, Hi)|p(c) —t Homp(—, H 2 )|p(c) be a morphism in modP(C). By Theorem 12.81 Ai 

9i fi 

admits an exact sequence P^. ^ Pa^ ^ Hi —>• 0 such that Pj^.,PAi C H{C), we get the following 
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commutative diagram 


HomH-(c)(-,Si) Homj^(c)(-,/i) 

Homn( c){-,Pai) -^ Hom^/(c){-, PaJ -^ Homr(-, ^i)|h(c) -t 0 


Homff (£;)(-, a) 

Hom^(c)(-,P;iJ 


Homjj(c)(-.^) 


Homa-(c)(-,b) 


Hom^(C)(-,PA2) 


Homjj(c)( —,/2) 


Hom 72 (—, 242)1//(c) —t 0 


by Yoneda’s Lemma. Hence we get the following commutative commutative diagram 


P' 


91 


■Pa, 


fi 


■Hi 


a 

b 

’ 92 

h ^ 

A,- ^Pa, --71 


0 

0 . 


Hence Hom//(c)(—, c) = a. 


□ 


Note that the condition {C,IC) is a torsion pair is satisfied in many cases. We give the following 
proposition as an exmaple. 

Proposition 2.11. IfU is covariantly finite, then (C,}C) is a torsion pair. 

Proof. If U is covariantly finite, then {f^^lA,U) is a cotorsion pair. Hence any object U & U admits a 
triangle U' -A Cu[P\ -A U ^ U'iA where C//)!] = C[l], which implies that U[—l] <ZC*U. Let 

T be any objects in T, it admits a triangle Ut[—P\ -a T ^ Vt ^ Ut, since [/t[— 1] admits a triangle 
C —>■ [/t[— 1] ^ 17 —>■ C[l], we get the following commutative diagram by the octahedral axiom 



where K dU *V C K,. Hence T = C * K. and then (C, K.) is a torsion pair. □ 

One special case for the condition T = C * K, is that 14 is rigid. In this case, we have C =U\—1] and 
K. = V. This case has been discussed in [Nl Section 7], see [Nj Corollary 7.4] for details. We have the 
following corollary. 

Corollary 2.12. Let {14, V) be a cotorsion pair where 14 is rigid, thenH has enough projectivs H{U[—V\), 
and it is equivalent to mod(Z7[—1]). 

Let = {T € T \ Hom 7 -(V,T) = 0} and V = V[l] C V^. At the end of this section, we introduce 
the following theorem which is the dual of Theorem 12.81 

Theorem 2.13. 77 has enough injectives H{'D) if and only */(/C,X>) is a torsion pair. 
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3. Hearts on exact categories 

Let £" be a Krull-Schmidt, Horn-finite, k-linear exact category with enough projectives and enough 
injectives. Let V (resp. X) be the subcategory of projective (resp. injective) objects. 


Definition 3.1. Let U and V be full additive subcategories of £ which are closed under direct summands. 
We call {U, V) a cotorsion pair if it satisfies the following conditions: 

(a) Ext£(W,V) = 0. 

(b) For any object B G £, there exits two short exact sequences 


O^Vb^Ub^B^O, O^B^V^^U^^O 


satisfying Ub, G U and Vb,V^ G V. 

For a cotorsion pairs {U, V), we denote the quotient oi £ hy U OV as £_:= £/U flV . Denote W fl V by 
W, for any morphism / G Hom£(X, F), we denote its image in Hom£(X, F) by /. For any subcategory 
2? D W of T, we denote by V the full subcategory of £ consisting of the same objects as V. Let 


£+ :={B g£ \Ub G W}, £- := {B G £ \ G W}. 


Let H := £'^ri£~ ,we denote the additive subcategory 2L the heart of cotorsion pair {h{,V). Let H : £ ^ B 
be the half exact functor associated with {U,V). 

Let £lC = {X S f I X admits O^X^P^C^O where P GV and C G C}, since £IC C £~ by [L21 
Lemma 3.2], for any object £IC G £lC, by definition of PI we get from the following commutative diagram 


0 0 

0-^ Fnc-^ Uqc -^ -9- 0 

a 

0-^ Vnc -^ Wnc -^ ^ 0 

U= U 

0 0 


where H(a) is an isomorphism by |L2[ Theorem 4.1, Proposition 4.2]. 

Definition 3.2. We denote by H{PlC) the subcategory of B such that every object X G H{VlC) admits a 
reflection sequence (see |L2[ Definition 3.3] for details) 0 —)• VtC ^ X ^ U —>■ 0 where C G C and U GU. 
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Since UC admits a short exact sequence 0 —>■ fiC —>■ P — >■ C — >■ 0 where P € V and C G C, we have 
the following commuative diagram 

0 0 


0 —^ nc ^ X-^ U ^ 0 


0-^ P -^ Ux -^ U -^ 0 

C C 

0 0 

where the second row and second column are short exact sequences. We have Ux G U since 14 is closed 
under extension and P Q14. According to this diagram, we have the following lemma. 

Lemma 3.3. Event object X G H(flC) admits a short exact seqeunce 0 —> X —>■ Ux —>■ C —>■ 0 where 
UxGU andC gC. 

Remark 3.4. By |L2l Theorem 4.1,Proposition 4.7], H{x) is an isomorphism in 'H- 
We will prove the following theorem. 

Theorem 3.5. Let {14, V) be a cotorsion pair. Let C := 14 and flC = {X G £ f X admits 

P ^ C ^ 0 where P G V and C G C}. Then the heart of {14, V) has enough projectives H{LIC) if and 
only if {C,1C) is a cotorsion pair. Moreover, when the heart of{l4,V) has enough projectives H{LIC), it is 
equivalent to mod(C/P). 

We prove the theorem in several steps. We denote the quotient of f by P as f := EfT. For any 
morphism / G Hom£(X, Y), we denote its image in Hom^(X, Y) by /. 

Lemma 3.6. C ~ flC. 


Proof. For any morphism f : C ^ C' in C, we have the following commutative diagram 

0 —^ nc -^ P -^ C -^ 0 

9 ^ f 

0 —^ nc' —^ p' —^ c —^ 0 . 


We can define a functor G : C ^ flC such that G{C) = LlG and G{f) = g. G is well defined since if / 
factors through P" G V, then it factors through P', which implies g factors through P, hence g = 0. We 
prove that G is an equivalence. 

(i) We first prove that G is faithful. 

If g = 0, it factors through an projective object Pq. By the definition of C, we get YyA}g{C, V) = 0, hence 
we have the following 


0- ^LIG- 


G - ^0 




0 


P' 


0 . 
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This implies that / factors through P', hence / = 0. 

(ii) We prove that G is full. 

For the following diagram 

0 —^ nc -^ p -s- c - 

g 

0 —^ nc -^ P' —^ c 

since Ext£(C,7^) = 0, we can get a commutative diagram 

0 —^ nc -^ p -s- c - 

9 i i / 

t Y Y 

0 —^ nc —^ p' —^ c 


0 

0 

0 

0 


hence G{f) = g. 

By the definition of nC, G is dense. Hence G is an equivalence. □ 

Since H{'P) = 0, we have the following commutative diagram 

nc - - -^ Hinc) 

nc 




where tt is the quotient functor. 

Proposition 3.7. H : nC —^ H{nC) is an equivalence. 

Proof. By [L21 Lemma 3.3] we get H is dense. Now we only have to check that H is fully-faithful. 
Let nCi € nc, i = 1,2, it admits a short exact sequence 

0 ^ OC, ^ H{nC^) ^Ui^O 

where Ui € U. Let / € Hom^(r2Ci, nC 2 ), by [Q Proposition 3.3], we get the commutative diagram 


nci 


nc2 


■H{nci) 


• H{nc2) 


Ui —^0 

U2 -^0 


where = H{f). If H{f) = 0, / factors through U by |L21 Proposition 2.5]. Since Hom^(HC,^^) = 0, 
we get / = 0 which means H is faithful on nC. 

Let g G llom£_{H{nCi),H{nC 2 )), since CioTn-^{nC,U) = 0, we get that in the following diagram 


0 —^ nci H{nci) —^ Hi —^ 0 

9 

0 —^ nc 2 —^ H{nc 2 ) —^ U 2 —^ 0 . 

0:2 1)2 

b 2 gai factors through an object P € V. Hence we have two morphisms c : nCi P and d : P ^ U 2 
such that dc = 62(701 • Since P is projective, there exists a morphism p : P ^ H{nC 2 ) such that d = 62 P. 
Hence 62(501 — pc) = 0. Then there is a morphism /' : nCi —>■ HC 2 such that /'02 = 501 — pc. now we 
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get a commutative diagram 

0-^ flCi H{nCi) —^ Ui -^ 0 

/' g' 

0 -^ QC 2 -^ H{nC2) -^ U 2 -^ 0 . 

0:2 f )2 

by [n Proposition 3.3] where H{f') = g'. Since H{'P) = 0, we get g'H{ai) = H{f')H{a2) = gH{ai). 
Since H{ai) is an isomorphism, we have g' = g. Hence H is full. □ 

The following lemma which can be regarded as an exact category version of Wakamatsu’s Lemma will 
be needed. 


Lemma 3.8. Let T> be an extension-elosed subcategory of £ whieh eontains I. If an objeet A G £ has a 

f 

left T)-approximation, then A admits a short exaet sequenee 0 ^ A D ^ B where f is a minimal left 
T>-approximation and B S 

The following proposition is an analog of Proposition 12.61 
Proposition 3.9. C = 

Proposition 3.10. H{£tC) is a subcategory of projectives in IL. Moreover, it is closed under direct 
summands. 


Proof. We first prove that H{£tC) is projective in H. 

Let / : A —> i? be an epimorphism in IL, it admits the following commutative diagram in £ 


0-^ A -^ ^ C/^-s- 0 

/ 

0-^ B -^ D -^ ^ 0. 

9 

By E Corollary 3.11], we have D G U. Now we can assume that / admits a short exact sequence: 

0 —>• A ^ B' ^ D ^ 0 such that D G U, f = f' and B = B' in Td. Now let X G H (HC) and h: X ^ B 
be a morphism in %, we get the following diagram 

0 —^ nc X -^ U -^ 0 

h 

0 -^ A —^ B' —^ D -^ 0 

Since Hom^ (HC, U) = 0, g'hx factors through V. Hence as in the proof of Proposition 13.71 we can get 
the following commutative diagram 


0 

0 


nc X -^ U 

3 h’ 

- A > B' —^ D 


0 

0 


where h = h'. 


Since H (x) is an isomorphism in we have the following commutative diagram 





h 


B 


A 


f 


0 . 
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This implies that H{VtC) is projective in 'll. 

Now we show that H{^C) is closed under direct summands. 

I_I (lii U 2 ) 

Let Xi (B X 2 G By Lemma 1331 it admits a short exact sequence 0 —>■ © X 2 - U ^ C. 

Since C G ^fC, we get Xi © X 2 - )■ C/ is a left /C-approximation, hence Xi — U is also a left 

/C-approximation. By Lemma 13.81 Xi admits a short exact sequence 0 —)• Xi —Ki —>■ Ci —>■ 0 where 
ki is a minimal left Ki-approximation, Ki G /C and Ci G C. We get thw following commutative diagram 


0 

0 

0 


■ Xi-^ ifi-- Cl 


(o)„ 

(Ux U2) 

■Xi(BX2 —^ u -^ c 


( 10 ) 


■ Xi-^ Ki -- Cl 


0 

0 

0 . 


Since fci is minimal, we have gf is an isomorphism, hence ba is also an isomorphism. Since U is closed 
under direct summands, we get Ki G lA. By [L2[ Corollary 4.6], we get the following commutative 
diagram in T-L . 

H{Q.Ki) —^ H(SlCi) -^ H{Xi) 

Hina) (1) 

H{nu) H{nc) -^ H{Xi) © h{X2) 

Hinb) ( 10 ) 

H{flKi) -^ H{nCi) -^ H{Xi) 

since ba is isomorphic, Glaflb is also isomorphic by Lemma |3.61 Hence H(rib)H{na) is an isomorphism. 
(3 is zero by the definition of H{nC), hence a is also zero and we get a reflection sequence 0 GlCi -G 
Xi (B P ^ Ki —>■ 0 where P GV O W, which implies Xi G H{GIC). □ 


Now we are ready to prove the main theorem of this section. 

Theorem 3.11. 2L has enough projectives H(BIC) if and only if {C,X) is a cotorsion pair on S. 

Proof. We proof the if part first. 

Since (C, /C) is a cotorsion pair, any object B G H admits a short exact sequence 0—>-5—J-K—>-(7—^0 
where K G X and C G C. Hence we get the following commutative diagram 

0 —^ nc -^ P -^ C -^ 0 

/ 

0-- ^C -^0 

which implies that H{f) : H{GIC) —i? is an epimorphism. Hence H has enough projectives H{GIC). 
Now we prove the only if part. By Proposition 13.91 and the dual of jQ Proposition 2.12], it is enough to 
show that X is covariantly finite. We prove it in three steps. 

1. Let B G%, then it admits a epimorphism X ^ B in H where X G H{GIC). Since X amdits a short 
exact sequence 0 —>■ X —>■ Ux —t C where Ux G U and C G C, we get the following commutative diagram 
by using push-out. 

0-^ X-^ Ux -^ C-^ 0 


0- ^B --^0 
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Since H{k)x = 0 and x is epimophic, we get H{k) = 0. Thus H{K) = 0 since H{C) = 0, which means 
K € K,. Then fc is a left A^-approximation since C G C = 

2. Let B G ^ then B admits a short exact sequence 0 ^ V -G B~ B ^ 0 where B~ gB. By step 
1 it admits a short exact sequence 0 ^ B~ ^ K ^ C ^ 0, hence we have the following commutative 
diagram 

0-^ -s- K -^ C -^ 0 

0-s- B —^ K' -^ C -^ 0. 

Since H{b~) is an isomorphism, as in step 1, fc' is a left /C-approximation. 

3. Let B G £, B admits a short exact squence 0 ^ B \ B'^ ^ U —>■ 0 where B'^ G £~^. By step 2, we 
have the following commutative diagram 

0 —s- nc —^ F — s- c —^ 0 


0-^ B+ -^ K -^ C -^ 0 


where H{a) is an epimorphism. Since Fjyii\{C,U) = 0, there exists a morphism pu : P ^ U such 
that ua = puQ- Since P is projective, there is a morphism p : P ^ such that pu = up, then 

ua — puq = ua — upq = u{a — pq) = 0. Hence there is a morphism d : £IC B such that a — pq — b'^d. 
Since H{b'^) is an isomorphism, H{d) is also an epimorphism. By using push-out, we have the following 
commutative diagram 


0 

0 


nc -^ P -^ C 

d 

■ B > K' ^ C 


0 

0 . 


As in step 1, fc' is a left /C-approximation. Hence /C is covariantly finite, and then (C,/C) is a cotorsion 
pair on £. □ 


From the proof of this theorem we get the folloiwng corollary, which is an analog of 


Lemma 12.71 


Corollary 3.12. The following conditions are equivalent to each other. 

(a) Every object in TL admits a left K-approximation. 

(b) (C, /C) is a cotorsion pair. 

The following corollary is an analog of Corollary 12.91 
Corollary 3.13. IfB has enough projectives H(nC), then every projective object ofTL lies in H(nC). 
Theorem 3.14. If (C,}C) is a cotorsion pair, then B — modC. 

Proof. This is an analog of Theorem 12.101 □ 


Note that the condition (C,/C) is a cotorsion pair is satisfied in many cases. We give the following 
proposition as an example. 

Proposition 3.15. IfU is covariantly finite and contains I, then {C,JC) is a cotorsion pair. 

Proof. This is an analog of Proposition [2TlJ □ 

One special case of the condition (C,/C) is a cotorsion pair is that U is rigid. In this case, C = IA and 
/C = V. This case has been discussed in [DLj . for details ,see fPLl Theorem 3.2] 

Let = {X G £ \ Ext£(V,X) = 0} and P = V O let n-p = {X G £ \ X admits D ^ 
/ —>■ X —> 0 where I G I and D G P}. At the end of this section, we introduce the following theorem 
which is the dual of Theorem 13.111 

Theorem 3.16. B has enough injectives H{n~P) if and only if {X,P) is a cotorsion pair. 
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4. Examples 

In this section we give several examples of our main theorem. 

The first example comes from [Ka Corollary 4.4]. 

Example 4.1. Let A4 be a cluster tilting subcategory of T, then (A4,A4) is a cotorsion pair with 
coheart AI[—1]. This cotorsion pair satisfies the condition in Theorem 12.101 we get an equivalence 
T/M. ~ mod(AI[—1]) where TjM. is the heart of (A4, A4). 

Example 4.2. Let fc be a field. 

o o ■ • • o o o • • o 

\ ^ \ / \ / \^/ \ ^\ ^\ ^\ /^\^\/ 

/""x / \ / \ x\ / \ /""x x^'x X X x^'x X X 

X X X X X x^'x X X X X x^x X X x^x x^'x x 

O O -A- • • O O O 

The above diagram is a part of D^{modkA 4 ) which continues infinitely in both sides. Let U be the 
objects in o, then is a cotorsion pair. The coheart C of it is in •, and the heart 2L of {U,U^^) is 

in *. By Proposition l2.111 we have H — modC. 

In the following example, we denote by ”o” in a quiver the objects belong to a subcategory and by 
the objects do not. 

Example 4.3. Let A be the path algebra of the following quiver 

1 ^^— 2 ^- 3 ^5 

then we obtain the S = mod A. 


1 . 2 . 3 . 4 . 5 



o • • o 

o ■ o 
o o 

Then {A4,A4^^) is a cotorsion pair on £ and the coheart C = 

-*-iA 4 = o ■ • • • =0 • • • o 

o • • o o • • o 

0-0 • • o 

0 0 o o 

We get CjV = add( 4 ^ 0 ^ ^ And the heart is the following. 

2 £= • o . - . 

o 


o 
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We can see that uiod{C/V) ~ H. 
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